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curved planar and axially 
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The governing equations for axially symmetric flow, where the Reynolds stresses 
are expressed by scalar turbulent viscosity, are the Reynolds equations. The 
turbulence model k, E is used in the wel l -known form for fully developed turbulent 
flow. 

The numerical method, a continuation of the MAC system 1, is adapted so 
that even for high Reynolds cell numbers precision O(z~x 2) can be achieved for 
the steady flow. Irregular cells join the rectangular network on the curved surface. 
Von Neumann's stability condition of the linearised numerical system is investi- 
gated. Special problems concerning the numerical solution of the turbulence model 
equations are stated and a special procedure is worked out to ensure that the 
fields k, e do not converge to physically meaningless values. The program for the 
computer is universal in that the boundary problems can be assigned by input data. 

As an example, an axially symmetrical d iffuser with an area ratio of widening 
1.40 is computed. Fields of velocity and pressure at the wall as well as fields ~T 
and k are assessed. The results are compared with an experiment. The conclusion 
is that this method is suitable for the problems mentioned in this study as well 
as for unsteady f low 
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During the last ten or fifteen years, considerable 
development of new methods in computational fluid 
dynamics has taken place. In spite of the rapid 
development of computing technology, it is still vir- 
tually impossible to cover the flow field by a 
sufficiently large number of discrete elements to 
describe all the details of turbulent flow. Thus, 
numerical treatments are still mere attempts at an 
optimal compromise to get results at a reasonable 
cost which can be used in practice with a certain 
precision and as a basis for further development. 
The progress of research in fluid dynamics has been 
hindered by numerous factors such as the present 
state of computing technology and the lack of both 
experimental and theoretical knowledge of turbulent 
flOW. 

Since the aims and means of the numerical 
treatment as well as the level of knowledge and the 
tradition of scientific work in various research 
institutes differ, the character of the optimal com- 
promise mentioned above is also different. This is 
also why there is such a vast number of different 
numerical approaches. 
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The numerical procedure 
The following conditions are considered: 
• The computing technology is comparable to the 

IBM 360 as far as the operating speed is concerned 
and there is a ferrite-core memory of at least 512 kb; 

• It is necessary to produce a universal program for 
various arbitrarily curved boundaries; 

• As the Reynolds cell numbers are very high, it is 
impossible to use explicit methods with central 
differences; 

• As the streamline usually deflects considerably 
from the direction of the coordinates, the 
UPWIND type systems are out of the question; 

• As it is desirable to get some data about hydraulic 
losses, non-conservative methods are excluded; 

• The next problem of interest is unsteady processes; 
• The well known turbulence model k, e adapted 

for fully developed turbulence with boundary con- 
ditions presupposing a logarithmic profile of the 
velocity near the wall is used; 

• For the numerical treatment a rectangular network 
is used, completed by irregular cells near the 
curved wall. The MAC system 1 is combined with 
the system of Gourlay and Morris 2. 

Basic equations 
The following equations in the system of coordinates 
are taken as the basis of the numerical treatment: 
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au ~_a(u~) 4 1 a(ruv) 
at Ox r Or 

Op ~_Or~ 4 1 a(rr~,) 
ax Ox r " Or 

av O(uv) 1 O(rv 2) 
at Ox r Or 

_ap+aT.x,_~ 1 a(rr..) 
Or Ox r Or 

au 10(rv) 
- - 4  0 
ax r Or 

where 

(1) 

(2) 

(3) 

7-=, = 2UT~X u (4) 

/au Ov\ 
7- r= (5) 

7... = 2UT~r v (6) 

V 
7-,p. = 2VT--  (7) 

r 

Variables u, v, p are time averaged values• The pres- 
sure p and the stresses are divided by the density p. 
The basic equations of the turbulence model are: 

ak+a(uk) 4 1 O(rvk) 
at ax r Or 

= A ( / J T ' ~ x k )  r Orkcrk Or/ OX \Ork 
(8) 

ae a(ue) 1 O(rve) - - +  + - - -  
Ot ax r Or 

2 

= O__(v,r O e ) + l  a__(VTrOe~+c3,kG_c2,k  (9) 
ax ko'~ ~ r Or ko'~ Or] 

(lO) 

k 2 
VT = -  (11) 

8 

This system differs from the systems found in the 
literature in that the coefficient Cn is present in (8) 
instead of (11). The parameter e used in the literature 
is equivalent to Cne used here. The variable p 
• , • 5 2 includes an addltmn of gk. 

Boundary conditions are formulated at the 
distance yc from the wall: 

=7.1/2 ( EYCT1/2 I 
[uc]uo - - ~ - l n \  u / (12) 

7- 
[k],o - c~2 (13) 

7.3/2 
[e].o = (14) 

KCDYc 

A 
B I L H  

Cl, C2 

CD, C2e, C3~ 

d l ,  d2 

E 
DX, DR, D H X  

f 
G 

FLX,  F L B  
k 
Lx, Lr 
KDE,  K D K  

P 
r 

~elc, Re~ 
Rest  
t 
U, V 
li 

tic 

X 
Yc 

Constant in (33) 
Balance of the momentum of 
a little cell 
Courant numbers 
Constants of the turbulence 
model 
Courant numbers divided by 
cell Reynolds numbers 
Constant in (12) 
Relative dimensions of 
special cells near the surface 
Replaces u or v in (26) 
Production of the turbulent 
energy divided by u-r in (10) 
Flux of momentum 
Turbulent  energy 
Operators in (27) and (28) 
Convective and diffusion 
term in (57) and (56) 
Pressure divided by p 
Coordinate 
Distance of the axis 
Cell Reynolds numbers 
Residue 
Time 
Velocity in direction x, r 
Velocity vector 
Velocity at the distance ~/c 
from the wall, parallel with 
the wall 
Coordinate 
Thickness of the logarithmic 
region 

Yu, Yv Defined by (22) 
Z Source in (26) 
Z,, Zv Source (21) 
y Auxiliary angle 
~t, ~ l ,  ~2 Loss coefficients 
e Turbulent  energy dissipa- 

tion divided by CD 
K Constant (-0.435) 
v-r Turbulent  viscosity 
v Kinetic molecular viscosity 
p Density 
~rk, ~ Constant of the turbulence 

model 
7- Stress at the wall divided 

b y p  
7-x~, 7-~r, r,r, 7-~ Turbulent  stresses divided 

by p 
~T Dissipation integral (62) 
S u b s c r i p t s ,  s u p e r s c r i p t s  and  o t h e r  s y m b o l s  
ij Subscripts for points in the 

network 
n Superscript for time level 
Ax, Ar, At Finite differences 
iJn Apo Consistent approximation 

for points /j and time n 

S u b s c r i p t s  in d i a g r a m s  
d Dynamic 
m Averaged with respect to the 

mass flux 
s Static 
1, inl Inlet 
2, outl Outlet 
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Turbulent flow in curved channels 

In (12), u, is the velocity parallel to the wall and in 
the discrete system yc is the distance of the p-point 
nearest to the wall. 

The boundaries necessarily include the inlet 
and the outlet cross-sections, where heuristic condi- 
tions are used. At the inlet 

u, 0, k, VT are given, 
ap -0 
an- 

(15) 

At the outlet 

p is given (17) 

a/an indicates derivatives normal to the inlet or outlet 
cross-section. The values given at the inlet and outlet 
are related to the experiment, as it is always possible 
to get in the inlet section, to a certain extent, arbitrary 
values for u, c and to change the level of the tur- 
bulence k and VT, while the pressure across the outlet 
section is fairly constant. 

The numerical method 

This method makes use of the variables u, u, p, VT, 
k and E to simulate the unsteady physical process. 
In the rectangular network, variables are located, 
according to the MAC system, as shown in Fig. 1. 

Solution of the flow equations 

The numerical solution determines ui+fj, cfj+f, pu. 
If velocity components with other subscripts eg ujj, 
uij appear in the formulae, their values are taken as 
the average of the neighbouring values. The con- 
tinuity equation is replaced by: 

= U++~I -ui-tj+ u,+hR,+A - u+~R,_J = o 
AX Rj Ar 

(IS) 

In the following, the usual approximations according 
to the MAC system are used. 

ap I 
i+f jn 

ax 

=P;+l,-P; 

APP AX 

au 
I 

i+fjn 

at 

= uY++l:.-UY+~j 

APP At 

(19) 

(20) 

There are similar expressions for ap/ar and au/at. 
Sources ZE,, , and Z:,,+, 

h 
are introduced including, 

contrary to t e MAC system, the pressure term at 
time n resulting in: 

(21) 

A similar approximation is valid for Z?,,,. Further, 
the quantity Yu,+t, is introduced: 

Y -- US+11 =Ul+f,- 
a(u”) +A a(mu) i+ffn At 

ax r ar >I APP 

+ZZ,+,, At (22) 

Fig 1 The network 

Similar formulae are valid for Yor,+L. Further, 
quantity Ap, is introduced: 

AP, = P”,” -pYj 

the 

Corresponding to the MAC system, new values of 
ui+fj and Q+& are obtained for a pressure gradient 
at time n + 1 such that the continuity equation at time 
step n + 1 is satisfied. According to (22), with regard 
to (20), (21) and (23): 

(24) 

and a similar expression is valid for uG:‘t. After 
insertion of (24) and the expression for uG:i into the 
continuity equation at time n + 1, an approximation 
of a Poisson equation for Ap, is achieved: 

(25) 

The derivatives on the right side of (25) are 
expressed by the same difference approximation as 
the derivatives in the continuity equation. Because 
of this, the exact solution of the equations for Ap, 
provides the exact solution of the continuity equation 
at time step n + 1. The term l/At(div u)lypp, provid- 
ing the autoregulation of the continuity equation in 
the MAC system, is in this formulation included in 
the derivatives of Y, and Y,. 

The solution procedure consists of three well- 
known phases: 
1. Calculation of Yu, Y, 
2. Calculation of the field Ap,, by the AD1 method 
3. Calculation of uy$, ut:i (24) 

The variables Y, and Y, are only outlined in 
(22); their precise formulation is given further on. 
Central differences cannot be used for high Reynolds 
cell-numbers, while UPWIND differencing is disre- 
garded because of its large truncation error. 

Introducing Ap in place of p permits the use 
of a variant of the Gourlay and Morris system2 for 
the calculation of Y, and Y,. Formulae (22) for Yu,+ 
and the formulae for Y,,,,, express a numerical 1 

, 
so - 

ution of the following transport equation: 

af _ ah,3 : 1 a(ruf> +z 

at- ax ( r ar > (26) 

Int. J. Heat & Fluid Flow 93 



I. Zuber 

The symbol f stands for the component of momen- 
tum as an advected value while u and v represent 
the advective velocity field in (26). 

In the Gourlay and Morris system 2 a promis- 
ing numerical procedure is developed to solve 
similar equations. The full application is hindered 
by the fact that the source values are available only 
at time step n and therefore the source term must be 
properly worked into the numerical scheme. 

The difference equation for the solution of 
(26) is written for points marked by subscripts ij 
where f is located. When the expression fTu +1 is used 
to formulate Yu,+~j and Yoo+~, half a spacing in the 
respective direction must be added. As in the MAC 
system, the advective field u and v is supposed to 
be constant in time interval At. 

Operators of the Lax-Wendroff type are intro- 
duced: 

',o A,+( O_ (uOlUS)  l,,o At 
OX App \OX\ OX / /  *or, 2 

(27) 

Or ] A p p  

"J1- 7 Or \ Or / /  App 2 (28) 

These operators always solve one-dimensional 
equations without source with predictor in time n +1. 
In (27): 

u, 1 (29) o ( u f )  = ( u , + ~ f i 4 ~  - u , _ ~ f : _ ~ )  a x  
OX App 

where 
+ 1 

f~+D" = (f~+xt fu)2 (30) 

and in the same equation, 

0X \ 0X ] [App App 

_ u , _ ½ i ~ x  ~ i-½i") 1 
am, . A x  (31) 

The components of the advecting velocity u~+~j and 
u~-~j appear also in (29) and (31) which is why it is 
possible to rewrite Lx( f )u  in the form: 

L~( f ) , j= f , j  . . . .  d red At - [u,+D/,+D" - u,-Df,-½j)~- 7 (32) 

Approximations in the operator L~(f) u are arranged 
similarly. 

The solution of (26) is sought in the form: 

fTij +x = I (L~(L, ( f ) , j  + A Z u  At)u 

+ L , (L , ( f )~ j  +AZ~j A t ) u ) + ( 1 - A ) Z ~  j At  (33) 

It is also possible to rewrite the expression of f~j+l 
inta: 

red red At  
fTit +1 = ~ - (u,+Df ,+ij - u,-½jf i - i j )  Ax 

/ fred n red At  

(34) 

The value of the symbol _fred lt+ii in (34) is different 
from that of the identical symbol in (33). This form 
of transcription suggests that it is possible to express 
the result in such a way that the fluxes of momentum 
have the same value for the adjacent cells and this 
fact guarantees the conservative behaviour of the 
algorithm. 

The quantity A in (33) makes possible the use 
of variants of the numerical method with 0 ~<A ~< 1. 

The precision of the approximation is usually 
assessed by the common method of replacing the 
discrete variables by Taylor series. The condition 
that the advective velocity field is time independent 
of the residue is given by: 

R e s t = ( - a Z + ( 1 - A ) ( f l ~ - ( u Z ) +  - ( rvZ) - -~  
\ Ot \Ox r 

+0(AP) (35) 

As At is of the order A x / u  . . . .  for A = 1 the differential 
approximation for the steady process is precisely 

2 . . . . . .  0(Ax ). To ascertain the numerical stabdlty, it is 
necessary to linearize (26). In doing this, it is impor- 
tant to keep in mind that the source Z includes in 
itself the friction (diffusion) term. Because of this, 
the stability of numerical solutions to the model 
equation (36) must be analysed: 

of =__[CI~Jf_C2~ 1 
_ 02f _ d2f 

+ + 3 2 - 7 - 7 7  
(36) 

The variables in the model equation are quite com- 
mon for analyses of this kind: 

u At 
c1 = (37) 

5x 

V At  
c2 = (38) 

Ay 

C1 /"T At 
dl = -K-T = (39) Re¢ Ax 2 

C2 /iT At  
d2 = ~7-¢e2 = AU2 (40) 

The dependence of the variables cl and ce on dl and 
d2 for von Neumann's stability limit was achieved 
numerically and consequently (cb C2)max may be 
expressed as dependent on I(dl + d2) and A according 
to Fig. 2. 

From the stability tests (which will be men- 
tioned again below) several values were plotted on 
the diagram. To assess At, the curves in the diagram 
were changed to broken lines. At each grid point the 
value M u was assessed as a function of y and A, 
where: 

• ,--Hlul, I~1~ / 1  / 1 1 \ \  
y =arctan \kAx ~'-~) max /~ /2T~  ~ X  2 "1- ~"~2)) (41) 
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1.0 Unstable (,4= 1.0). 

0 OI 0.2 

Fig 2 Stability o f  the linearised algorithm 

In Fig. 2, M u is indicated for A = 1. At each point, 
the result is as follows: 

Mu 
Atu = (42) (lu,,i io.i / 

Ax ' Ay / max 

At was then determined as the least value of all the 
Atu multiplied by kt: 

At = ( A t u ) m , . k  t (43) 

At the initial stage of the program development,  
kt = 0.8 and M~ i = 1 were fixed which,' however, for 
very high VT resulting from the turbulence model 
equations solution, led sometimes to instability and 
so it was necessary to assess At more precisely 
according to (41)-(43). 

The following equations are used: 

Yui+~j =~(L=(L,(u)iqj + AZu,+~ At),+~j 

+L#(Lx(u)~+~j +AZ,,+~ At)i+~j) 

+(1-A)Z. .+,,  At) (44) 

Y~,,+~ = ~( x(Lr(v)q+~ +AZ~,,+~ At)u+ { 

+ Lr(Lx (v)u+~ + AZv,+~ At)u+, ~ 

+ (1 -A)Z~,+~ At) (45) 

All the terms of the source (except %,) may be 
expressed as the forces of friction and pressure acting 
on the elementary volume surface. The approxima- 
tion for the pressure forces is given in (19) and at 
the inner points the forces of friction are as follows: 

J"- ( 
~'xx = 2 V T  (46) 

App App 

rrr = (2VT Ov (47) 
App \ ~ r /  

ovlll 
r,, A,. = \  \~ r  + (48) 

3X / / I ADD 

Specifying r~,, r~, and r,~ at the cell boundaries 
guarantees the conservative behaviour of the 
algorithm. The assessment of the friction forces at 
the wall is based on the assumption that the friction 
force at the wall is given by: 

r = constant (u 2 + v e) (49) 

Turbulent f low in curved channels 

~rr 

Fig 3 Stresses near the wall 

"[XX 

Ar.bx i -  i j  • 

Fig 4 Cells for divergence 

t 

A~DH~I  

D 

"[Itr 

A E B 

I' 1' Ui+~ i i + l j  

&x 

Ar.DHXi÷ Ii 

Fig 5 Cells for the momentum component 

The constant is given in (12). 
For arrangement according to Fig. 3: 

rxr = constant (u 2 - v 2) (50) 

~'xx = rxr = - 2  constant uv (51) 

For u and v, the proximate averaged values are 
inserted. 

Near the boundary the continuity equation is 
approximated by the following formulae: 

Ox r Or ]App = Ax 

+ vu+~DBu+~Bi+~ - vu_~DBu_~Bj_ ~ 
(52) 

Bi ar 

Here DXi+~j, DBu+ ~ indicate relative lengths and 
their meaning is given by Fig. 4. On the boundary,  
variables DX~+~j etc appear on both sides of (25). 

The calculation of the balance of momentum 
near the wall is outlined in Fig. 5 for the x-component 
of momentum. First a preliminary momentum flux 
at the point E in Fig. 5 is fixed: 

FLBt+~+~ = u~+~ivt+~j (53) 
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Preliminary values Y*,+~, and Y*~.+~ are fixed with 
these values of momentum. On the boundary the 
balance of momentum of the cell A-B-C-D on Fig 
5 is 

= ~ ( F L R i + ~ i +  ~ Ax BILH~+~j  
J 

- F L X q ( D H X  u - i) Ar 

- F L X ~ + I j ( D H X i + l j  - I) Ar) 

+(Pq - P I + l j )  
1 x (~(DHXq + DHX~+lj) - 1) Ar (54) 

The surplus momentum B I L H  is divided, according 
to the cross-sections of the little cell D-A, A-B, B-C 
as weighting coefficients among the adjoining cells. 

* y *  * In Fig 5 this surplus is added to Y~,_~ . . . .  ~, Y,,,+~ 
e.g. 

Yu,_~j , + [ B I L H , 4 t  At] 
= Yu,_~j ! Ax hr  

[ ( D H X ,  j -  I)I 
X 

± x  + I ( D H X , ,  - 1)l a r  + I ( D H X , + I ,  - 1)1 ar 

(55) 

Solut ion of the turbulence model  equat ions 

If we compare the difficulties of the treatment of the 
flow equations and the turbulence model equations, 
there are both favourable and unfavourable condi- 
tions for the latter. 

The favourable factors are: 
la) It is not necessary to strive for extreme accuracy, 

as the physical basis is only an approximation 
2a) The approximations for the advective terms need 

not be very accurate, as these terms are usually 
small compared to the source terms. 

The unfavourable factors are: 
lb) The nonlinear source terms might cause insta- 

bility 
2b) The unsuitable choice of the initial fields of k 

and vT might lead to instability or long comput- 
ing time 

3b) The coarse grid limits the value of the approxi- 
mation of the source term ~,TG and makes the 
autoregulation of the difference system more 
difficult. 

Let us briefly investigate the unfavourable 
factors. In principle, the discrete system can be 
written as: 

k "+1 - k" = K D K  + k2 G At - coe At (56) 
E 

2 
n + l  n E e - e  = K D E + c a ~ k G  A t - c 2 ~ - f f A t  (57) 

In (56) and (57), the subscripts ij have been omitted. 
K D K  and K D E  are the sum of the advective and 
diffusive terms, which may be expressed as a l - b l k  
and a s - b s e  respectively, but for further consider- 
ations it is possible to take these terms as constant. 
The values k and e on the right hand side may be 
substituted for time n or time n + 1 or the mean value 
taken, eg ~(k"+l+ k"). 

Let us now evaluate the unfavourable factors 
in particular: 
lb) Decrease of e causes increase of k, but increase 

of k causes increase of e. We must make sure 
that this process does not lead to instability. 

2b) For low initial values of e the increase of k will 
occasionally take a relatively long time, while 
the values of ~'a- might be very high, hence the 
complicated calculation of At with (41)-(43). 

3b) Difficulties may occur at the point of confluence 
of two streams. In the system of the differential 
equations the velocity gradient will increase 
considerably at such a point, which will cause 
the increase of G in (8) and (9) and, therefore, 
will also increase vT. The increase of "T will lead 
to a diminution of the velocity gradient. This is 
the background of the autoregulation of the sys- 
tem governed by partial differential equations. 
In the discrete system the increase of G in the 
coarse grid is limited roughly by the value 

2 ' 2  Umax/Ax and for low initial values of vT an 
unreal decrease of k may occur. 

4b) If k, e on the right hand side of (56), (57) are 
• 1 1  / n + l  n + l  l / z n + l  z n \  11 n + t  n \  rep laceooyx ,e or~tx +x  ),~te +e 1, 

it is possible to derive an algebraic equation of 
the 3rd degree for the ratio e"+l/k "+1 or (e"+l+ 

n n - F 1  n . . . e ) / (k  + k ). One of its real roots Is negative 
and for sufficiently low At there are two other 
real roots, only one of which is physically mean- 
ingful. 

The procedure is based on the following prin- 
ciples: 

1. In the inlet cross-section, the fluctuation 
energy k and also PT are given by physical condi- 
tions. In the inner section of the integration area the 
initial ~T field is guessed, roughly (0.05 to 0.1) Axui,b 
and the initial field k is chosen in such a way that 
production and dissipation of the turbulent energy 
are balanced. In this way large oscillations of the k 
and e values are prevented. 

tlinl,m 1.0 + 

Fig 6 Velocity and pressure profiles, the crosses 
indicate experimental  values 

96 Vol 3, No 2, June 1982 



2. The convective term is written in a non- 
conservative form with an adapted UPWIND for- 
mula 6. The approximation is of the type 

_(nO\+ 
\ ax Or/ 

[(k_o_,o+,)lvl for lul <Iv/ 
Ar Ax Ar 

We use the formula 

ak ok u - - +  v - -  = (u2 + v2) 1/2ak (59) 
ax ar as 

If k~ is a value interpolated on the streamline by a 
quadratic formula at a distance As upstream, then 

(u2+v2)l/2a~.k I = k u - k - ~ ( u 2 + v 2 ) t / 2  
O,S' I App AS 

I,,I 
= (k u - k_v)2-~x x 

= (k,t - k-~) ~rl (60) 

The truncation error is not dependent on the angle 
arctan (u/v)  as in the case of the classic UPSTREAM 
approximation. 

3. The diffusion term is written in a difference 
approximation of the type: 

(O (uX_~x}+rar\ak, X a__~.(UTcg(rk)~lt' hlc.+x (61) 
~xx ar 1/ , p p = a - _ _ , ,  

Here a and b contain the values of k, VT and e at 
time level n. 

4. Values for k and e on the right hand sides 
of (56) and (57) are inserted at time n + 1 and the 
system is rewritten into an algebraic equation of the 
3rd degree for the " n+l ,+t . . ratio e / k  . The equation is 
solved by iteration, so that the larger positive root is 
obtained. If the equation has no positive real roots, 
the time step At is reduced at this point. 

The computer program 
The program in FORTRAN allows the user to specify 
the geometry of the problem by the input data 
without changing the program. To each point of the 
grid a certain code number is attached, indicating 
whether it is an inner point, a point close to the wall 
or a point of the inlet or outlet etc. The special 
dimensions of the little cells are also given by input 
data. 

It is possible to choose the distance of the axis 
from the coordinate system, the number of the grid 
points, the ratio Ar/Ax, the turbulent model con- 
stants, the value A in (33), the safety factor kt in (42) 
etc. The program makes use of nondimensional vari- 
ables, the reference length is the spacing Ax; the 
reference velocity may be, in theory, chosen 
arbitrarily. It is however advisable, regarding the 
FORMAT of the print, to choose the reference veloc- 
ity to be of the same order as the mean velocity. 

Turbulent f low in curved channels 

The initial fields of u and v given by input 
data need not satisfy the continuity equation and the 
initial field for p is usually taken as zero. The initial 
fields of k and VT are also given by input data, but 
the program maintains the k values only on the inlet 
cross section and, for the remaining part, the k field 
is modified so that production and dissipation are 
balanced. The initial field e is defined by k2/uT. 

The program verifies the conservation of 
momentum for the whole integration area and an 
error on the balance indicates incorrect input data 
characterising the geometry. 

The program also includes calculation of the 
dissipation integral of the time averaged velocity 
field and enables computing of the energy balance: 

\-~r Ox/ \3r /  / Apo 
(62) 

The following choices of the computing pro- 
cedure are made possible by this program: 

1. Both the turbulent model and the pre- 
scribed time constant VT field may be used; the 
stresses on the walls may be calculated by turbulent 
or laminar formulae. 

2. It is possible to transfer a set of values of 
u, v, p in each time step and in this way simulate 
the periodic boundary conditions in space. 

3. It is possible to include a subroutine simu- 
lating a time variable velocity field in the inlet cross- 
section. 

Application of the method 
To demonstrate its application, an example of theor- 
etical treatment of an axially symmetric diffuser with 
an area ratio of 1.40 is presented. The properties of 
such diffusers influence the losses of the casing of 
turbines; much attention has been given to these 
recently, (see for example Ref 8). The diffuser in 
question is outlined in Fig 6. The most specific 
feature of its geometry is the sudden partial widening 
just past the inlet. 

In the experiments simulated by the numerical 
solution the turbulence in the inlet cross-section was 
artificially increased up to approximately 13%. The 
profile of the turbulence at the outlet has not been 
measured. The velocities and pressure both at the 
inlet and outlet and the pressure at the walls were 
measured in the experiments. The inlet velocity was 
about 50 m/s.  

'In the theoretical treatment, the casing con- 
tour was placed in a network of 32 x 28 points. There 
were 18 spacings Ar in the inlet, the ratio being 
Ar/Ax = 0.814. The velocity field of the experiment 
was specified at the inlet; the level of the turbulent 
energy was also given there. The profile of k was 
assumed to be proportional to the square of the inlet 
velocity. As VT at the inlet was not given, the produc- 
tion and dissipation of the fluctuation energy in the 
inlet were assumed to be equal except for the point 
of the zero velocity gradient, where the proximate 
value was simply inserted. At the outlet cross-section 
the nearly uniform pressure profile was inserted 
according to the experiment. 
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A rough estimate of the initial veloci ty field 
was made regardless of whether it satisfied the con- 
tinuity equation; t he  local violations of the con- 
tinuity equation in the initial field were of the order 
Umax/Ax. The local deviations of the initial velocity 
from the resulting one amounted to 60% in relation 
to the mean inlet velocity, the safety coefficient in 
(43) was 0.95, for the constant A in (33) a value 1.0 
was given and because of this, the method was for- 
mally exact 0(Ax 2) for the steady case. It took 300 
time steps until the velocities were altered in success- 
ive time steps by less than 0.01% of the inlet velocity. 
In Fig. 6, velocity profiles are drawn in several cross- 
sections; the figure also shows the calculated inlet 
static pressure and calculated outlet velocity profile. 

Fig 7 presents a comparison of the calculated 
pressures at the wall with the measured values. The 
theoretical values at the inner wall are very close to 
the experimental data, while at the outer wall the 
theory does not show the experimental decrease of 
the pressure near the sudden widening of the 
diffuser. 
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Fig 7 Pressures at the inner wall A and the outer 
wall B, the crosses indicate the experimental values 
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Fig 8 Field vT according to the turbulence model 

Figs 8 and 9 show fields va- and k according 
to the turbulence model k, e. Near the separation 
point, the values of k are considerably higher at the 
outer side; however, the vT values are only twice as 
large as those at the inner side. In Fig 10, the total 
pressure at the inlet and the outlet are compared for 
the same streamline. The diagram shows the theoreti- 
cal and experimental profiles. According to the 
experiment, the total pressure on the streamline 
increases slowly near the inner wall. This increase 
is due to energy transport across the streamlines as 
a result of turbulent friction. If this small increase 
of energy on the streamline is neglected, the flow in 
the half of the channel nearer the inner wall is nearly 
a potential flow. In the part of the channel nearer 
the outer wall where the major part of dissipation of 
the time averaged flow takes place, this energy is 
being transformed into turbulence fluctuation 
energy. The theoretical solution is very instructive 
for the flow situations in this type of diffuser as 
follows from the total pressure profiles. 

From the theoretical solution, loss coefficients 
have been derived. Since the numerical system does 
not conserve mechanical energy exactly, the integral 
(62) has been used for calculation of the energy 
dissipation of the time averaged flow. According to 
common usage, three kinds of loss coefficients have 
been used, indicating the losses in relation to the 
inlet kinetic energy. Coefficient ~t presupposes that 
all the kinetic energy in the outlet section is utilised, 
this coefficient being the measure of the dissipated 
energy. The other two coefficients are technological 
characteristics and it is considered that only a part 
of the kinetic energy in the outlet is utilised in the 
casing around the diffuser. ~t presupposes that all 
the outlet kinetic energy is lost and ~2 that the kinetic 
energy of the mean outlet velocity is utilised. 

In Table 1, the experimental and theoretical 
values of ~:t, ~1 and ~ are given. 
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Fig 9 Field k according to the turbulence model 
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Fig  10 The total pressures  at the inlet  and  out le t  
according to the exper imen t  (top) and theory 
(bot tom)  

In the theoretical solution particularly, the 
coefficients ~1, ~2 (and probably also in the real case) 
depend to a high degree on the inlet velocity, k and 
V T field. 

As an alternative, the coefficient ~t has been 
calculated from the total pressure balance, for the 
sake of control. The value set=0.148 is closer to 
the measured value than the ~t = 0.108 obtained from 
the dissipation integral. All the same, the latter must 
be regarded as the more correct theoretical value and 
the difference 0 .148-0 .108  =0.04 must be taken as 
a coefficient characteristic of additional numerical 
dissipation of the discrete system. 

The stability condition has also been tested. 
The system was unstable for kt - -  1.05 and stable for 
kt = 0.95 with A = 0.0. 

In solving the flow equations, it takes about 
45°6 of the computing time to solve the Poisson 
equation. Five time steps of the system k, e take 
about 80°6 of the computing time to solve the flow 
equations. 

Table 1 Experimental and theoretical values of 
the loss coefficients 

~t ~1 ~2 

Experiment 0.139 0.925 0.377 
Theory 0.108 0.922 0.437 

This methodology is also suitable for unsteady 
flow conditions, although for A = 1 the method is 
formally precise only to 0(At) in the unsteady case. 
The precision of the derivatives in time is only 
slightly less as the advective terms are evaluated 
using the predictor at time n +~. Results of the sol- 
ution of flow around an isolated profile in a channel 
are given elsewhere 7, where periodically separated 
Karman's vortices have been illustrated by way of 
calculation. 

C o n c l u s i o n  

A precise method has been developed, replacing the 
system of axially symmetric Reynolds equations and 
the turbulence model k, E by a discrete system. The 
numerical method is precise 0(Ax 2) for steady flow 
and stable for Courant numbers near to one. The 
program is universal and it is suitable for solution 
of the flow in channels with curved surfaces. The 
solution for the axially symmetric diffuser provides 
a very realistic picture of the real flow conditions. 
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